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SOMMARIO
Si affronta l’analisi di problemi magneto-meccanici in presenza di regioni infinite a com-
portamento lineare ed isotropo e di domini limitati ferromagnetici a comportamento al-
tamente non lineare soggetti a grandi spostamenti e grandi rotazioni relative. Tali carat-
teristiche rendono particolarmente adatta una procedura di analisi numerica che accoppi
Elementi di Contorno ed Elementi Finiti, utilizzando tecniche di accelerazione “multipole”
e solutori “multigrid”.

ABSTRACT
The present paper addresses large scale three dimensional magnetostatic-mechanical prob-
lems featuring infinite domains, non-linear ferromagnetic materials and large relative
motions among different components. A coupled Boundary Element - Finite Element
procedure is adopted, featuring Fast Multipole Techniques as accelerators and iterative
multigrid solvers. Several numerical examples are presented, with comparative results
obtained with different techniques.

1 INTRODUCTION

The finite element method has obviously a dominant status in the field of computational
methods in engineering, mostly because of its great flexibility and wide range of appli-
cability; on the contrary integral equations are superior for certain classes of problems
featuring, in most cases, linear-elastic material behaviour, moving boundaries, infinite
domains.

However, in certain cases, the optimal choice seems to be a coupled Boundary Ele-
ment Method (BEM) Finite Element Method (FEM) approach. A model problem which
evidences all the potential advantages of such coupling is an industrial relay, made of
fixed and pivoting ferromagnetic laminae displaying non-linear constitutive behaviour.
The magnetic field in the air is accounted for by the BEM which essentially yields the
following considerable advantages: (a) the infinite domain around the relay need not be
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discretized; (b) large rotations of pivoting laminae can be easily accounted for, since no
remeshing is required.

However, the development of such a numerical tool for the analysis of large scale
problems turns out to be a challenging task. Indeed the BEM produces fully populated
matrix equations which make the application of direct solvers unrealistic for large scale
problems; the computation of such matrices is numerically costly and hence iterative
solvers cannot be adapted to the method as is. With respect to these key issues, recent
investigations of the so called Fast Multipole Methods (FMM) seem to be changing the
situation considerably. Indeed these accelerators allow to utilize iterative solvers and
reduce the operation count per iteration to approximately O(N logα N) (to be compared
with the O(N2) for classical approaches), where α is a positive number and N is the
problem dimension.

Moreover magneto-mechanical problems often display large differences of the relative
permettivity coefficient between different domains, thus resulting in ill-conditioned linear
systems which require an excessive number of iterations. The remedy adopted herein
consists in the application of a multigrid approach utilizing a series of nested meshes and
ad hoc smoothers.

The results collected in this paper represent a step of a medium term research program
aiming at producing an effective numerical BEM-FFM-FEM tool collecting all the features
previously described.

2 GOVERNING EQUATIONS

Let us assume that the current variation inside the conductor is slow enough to neglect
dynamic effects and justify the adoption of a magnetostatic formulation and that external
current density distribution J2 is given as data. Let n1 denote the unit normal (to Γ)
vector pointing from Ω1 to Ω2 and n2 the unit normal vector pointing from Ω2 to Ω1.

The Maxwell differential equations then simplify as follows:

curlH1 = J1, divB1 = 0 in Ω1 (1)

curlH2 = J2, divB2 = 0 in Ω2 (2)

(H1 −H2) ∧ n1 = 0, (B1 −B2) · n1 = 0 on Γ (3)

where: Hi is the magnetic field intensity and Bi is the magnetic flux density; J1 accounts
for self-induced currents in the ferromagnetic domain Ω1; Ω2 represents the infinite domain
surrounding the relay; Γ is the interface between the two domains. The field variables
satisfy the constitutive relations:

B1 = µrµ0(H1)H1 in Ω1, B2 = µ0H2 in Ω2

The numerical analysis of 3D magnetostatic problems is generally addressed by means of
either scalar or vector potentials.

2.1 Scalar potential formulation.

Let Ha denote the magnetic field computed analytically from the given currents in a
fictitious homogeneous infinite domain (with µr = 1) and define two auxiliary potentials
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as follows:

gradφ1 = µ0 (H1 −Ha) gradφ2 = µ0 (H2 −Ha) (4)

The continuity of the tangential component of H implies φ1 = φ2 on Γ. Moreover n2 =
−n1 and:

Bn ≡ B1 · n1 = B2 · n1

⇓

gradφ1 · n1 =
1

µr

Bn1 − µ0Han gradφ2 · n2 = −Bn1 + µ0Han

with Han = Ha · n1.

2.1.1 FEM-BEM coupled approach.

The problem on Ω1 admits the equivalent domain variational formulation: find φ1 ∈
H1(Ω1) such that, ∀φ̃1 ∈ H1(Ω1)∫

Ω1

gradφ̃1(x) µr(x)gradφ1(x) dΩ =

∫
Γ

φ̃1(x)µrgradφ1(x) · n1(x) dΓ (5)

As for Ω2, integral equations are employed in view of the liner constitutive behaviour.
Find φ2 ∈ H1/2(Γ) such that, ∀y ∈ Γ:

kφ2(y) =

∫
Γ

gradφ2(x) · n2(x) G(y,x)− φ2(x) [gradG(y,x) · n2(x)] dΓ (6)

where kernel G(x,y) is the classical potential theory Kelvin kernel:

G =
1

4π

1

r

k depends on the geometry of Γ at y and gradG denotes the gradient w.r.t. to x.

Account taken of continuity conditions the final system reads: find φ1 ∈ H1(Ω1) and
Bn1 ∈ H−1/2(Γ) such that, ∀φ̃1 ∈ H1(Ω1) ,∀y ∈ Γ∫

Ω1

gradφ̃1(x) µrµ0(x)gradφ1(x) dΩ−
∫

Γ

φ̃1(x)Bn1(x) dΓ =

∫
Γ

µ0µrHan(x) dΓ (7)

kφ1(y) =

∫
Γ

(−Bn1(x) + µ0Han(x)) G(y,x) + φ1(x) [gradG(y,x) · n1(x)] dΓ (8)

Discretisation. For the numerical solution of the above system Ω1 is discretized with
linear tetrahedra and φ1 is sought in the space of continuous piece-wise linear functions.
A Galerkin approach is adopted for the FEM side. The projection of the volume elements
on Γ represents the triangulation employed for the discretization of the BEM equation
eqn. (8) which is collocated at the center of every triangle. Bn is modeled as piecewise
constant (constant over each BEM).
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2.1.2 BEM multizone approach.

Similarly, in the case of a zone-wise homogeneous domain, a multizone BEM formulation
can be easily developed for the purpose of testing the performance of a pure BEM for-
mulation accelerated with the multipole technique and the multigrid preconditioner. The
following Green identities hold, ∀y ∈ Γ:

k1φ1(y) =

∫
Γ

[G(y,x)gradφ1(x) · n1(x)− φ1(x)gradG(y,x) · n1(x)] dΓ (9)

k2φ2(y) =

∫
Γ

[G(y,x)gradφ2(x) · n2(x)− φ2(x)gradG(y,x) · n2(x)] dΓ (10)

with φ1(y), φ2(y) ∈ H1/2(Ω1). Choosing as primal unknowns φ1 and Bn1 and inserting
interface conditions the final system reads:

k1φ1(y) +

∫
Γ

gradG(y,x) · n1(x)φ1(x) dΓ− 1

µr

∫
Γ

G(y,x)Bn1(x) dΓ

= −µ0

∫
Γ

G(y,x)Han(x) dΓ (11)

−k2φ1(y) +

∫
Γ

gradG(y,x) · n1(x)φ1(x) dΓ−
∫

Γ

G(y,x)Bn1(x) dΓ

= −µ0

∫
Γ

G(y,x)Han(x) dΓ (12)

Discretization. Coherently with other choices adopted, Γ is discretized with flat trian-
gles. φ1 is interpolated with continuous linear hat shape functions and Bn1 is piecewise
constant (over each triangle). Equation (11) is collocated at each node while eqn. (12) is
collocated in the center of each element.

2.2 Vector potential formulation.

For the sake of generality it is worth stressing that a more general formulation, not limited
to the present assumption J1 = 0 and magnetostatics, employs vector potentials. Since
B1 is divergence free we can find A1 such that:

B1 = curlA1

In order to completely specify the vector potential A1 the so called Coulomb gauge is
often adopted, imposing divA1 = 0. Eventually:

curl

(
1

µrµ0

curlA1

)
= J1 divA1 = 0 (13)

which can be recast into the equivalent variational formulation: find A1 ∈ H(curl, Ω1)
such that ∀Ã1 ∈ H(curl, Ω1)∫

Ω1

curlÃ1(x) · 1

µrµ0

curlA1(x) dΩ

=

∫
Γ

Ã1(x) · 1

µrµ0

curlA1(x) ∧ n1(x) dΓ +

∫
Ω1

Ã1(x) · J1(x) dΩ (14)
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Non conventional “edge elements” are utilized in eqn. (14), since they guarantee inter-
element continuity of the tangential component only, as required by the A1 ∈ H(curl, Ω1)
condition ([2]). Research is still active on the choice of the most suitable way to enforce
eqn. (13), “the gauge condition”. As matter of fact numerical approaches perform very
efficiently if this gauge condition is neglected and the compatibility of the volume integral
at right hand side of eqn. (14) with the left hand side operator is ensured (the r.h.s. must
be orthogonal to the kernel of the operator).

For the BEM side, eqn. (6) is adopted as is. After incorporating the continuity con-
ditions in suitable form the final system reads: find A1 ∈ H(curl, Ω1), φ2 ∈ H1/2(Γ) such
that, ∀Ã1 ∈ H(curl, Ω1), y ∈ Γ∫

Ω1

curlÃ1(x) · 1

µrµ0

curlA1(x) dΩ− 1

µ0

∫
Γ

curlÃ(x) · n(x)φ2(x) dΓ

=

∫
Ω1

Ã1(x) · J1(x) dΩ (15)

kφ1(y)−
∫

Γ

[ 1

µr

curlA(x) · n(x)G(y,x) + φ2(x)gradG(y,x) · n1(x)
]
dΓ

= µ0

∫
Γ

Ha ∧ n1(x)φ2(x)G(y,x) dΓ (16)

Discretization. Linear edge elements are employed for the FEM domain, and φ2 is
modeled as piecewise-linear. Equation (16) is collocated at each node.

3 Numerical implementation

The linear systems to be solved in the different formulations presented in the previous
paragraph display a block structure endowed with the following essential features. The
FEM diagonal block is sparse and positive definite (or semi-definite if edge-elements are
employed); the BEM diagonal blocks are full, non symmetric and non-definite, in general,
since the collocation approach is employed. The storage of the complete matrix, for large
scale problems, is not viable and the application of iterative solvers becomes mandatory
together with the development of a multipole approach to accelerate each iteration.

The application of a standard GMRES solver with a simple Jacobi diagonal precon-
ditioner has been tested yielding satisfactory results only for simply connected regions
and for low (and non-realistic) values of µr. Hence a multigrid preconditioner has been
implemented, as detailed in the following paragraph. The procedure is explained with
reference to the BEM-FEM scalar potential approach in Section 2.1.1.

3.1 Iterative multigrid solver

A mesh M1 made of linear tetrahedrons is provided for Ω1: M1 should be coarse enough to
allow a fast solution of the associated linear system (the matrix should be kept in memory
or, anyway, be easily accessible). A series of N nested meshes Mi is created by uniform
refinement of M1 (see Figure 1): at a given refinement level each tetrahedron (actually
the master element of it) is partitioned into eight sub-tetrahedra following the approach
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Figure 1: Four refinement levels for an industrial relay.

described in [1] where it is shown that all the elements generated belong to at most three
congruence classes and hence stability of the meshes Mi is guaranteed (degeneracy of the
tetrahedra is ruled out).

Clearly, a knowledge of the underlying geometry is mandatory in order to represent
the actual structure accurately. In the code developed, a mesh Mg made of quadratic
elements is adopted as “geometry descriptor”. Mesh Mg is equivalent to M1 the only
difference being the order of the elements employed.

Let each mesh be characterized by the associated matrix A` and vectors x`,b` such
that: A` · x` = b`.

A V-cycle approach is employed for the solution of the problem defined on the finest
mesh MN as sintetically explained in Figure 2. Projection, prolongation and smoothing
operators employed are briefly described hereafter. The iterative procedure is stopped
when ‖A`x` − b`‖ < 10−6‖b`‖.

Projection operator. Since the collocation approach has been adopted for the BEM
block of equations, the residuum of each BEM equation at level `− 1 is simply taken as
the average of the residuums of the equations collocated at the centers of the 4 children
elements. As for the FEM block, the residuum of the equation associated with node n at
level `− 1 is the sum of the residuum for the same node at level ` and half the average of
the residuums for the neighbouring nodes at level `.
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Recursive Function= x` = Vcycle (r`)

if (` == 1) then

x1 = A−1
1 · r1

else

x` = x` + Pre Smoother(A` · x` − r`)

r`−1 = Projection(A · x` − r`)

x`−1 = 0
x`−1 = Vcycle (r`−1)

x` = x` + Prolongation(x`−1)

x` = x` + Post Smoother(A` · x` − r`)

end if

End function Vcycle

Figure 2: Recursive function Vcycle

Prolongation operator. The FEM part of the prolongation operator corresponds to
the adjoint of the Projection one; as for the BEM side, the most straightforward approach
is adopted: the Bn1 value of one parent element is assigned to each child-element.

Smoother operator. The choice of a suitable smoother is as usual crucial for the
performance of the multigrid solver. In this case only the Post Smoother is employed.
For the levels ` < N a few iterations of a GMRES procedure are utilized; at level N two
different smoothers are employed (in a decoupled manner) for the FEM block and for the
BEM block of equations. The former one utilizes 4 to 8 iterations of a simple point Jacobi
approach, while the latter still employs a GMRES procedure.

3.2 Multipole accelerator

Fast multipole methods were first introduced by Rokhlin [11] in the context of an integral
approach for solving the 2D Laplace’s equation, even if they rapidly gained interest for
applications concerning particle interactions in different domains (see e.g. [4]).

But for few sporadic attempts, (see e.g. [7]), it was only after some time and further
developments ([5]) that the community of the Boundary Integral Equations Methods
has started to apply the FFM as a tool for increasing dramatically the allowable size of
problems to analyze while limiting computing time (see e.g. [9]). All the most recent
developments have been reviewed in [10].

In this paper the adaptive FFM described in [5] (without diagonal forms) is imple-
mented and hence all the details are skipped and reference is made to [10].

Essentially the FFM introduces a hierarchical structure (by means of a geometrical
octree structure) for assembling clusters of BEMs and evaluating their interaction with
distant points by means of approximate techniques. Interactions between near points
(elements) are still computed in the classical ways.

Even though the overall procedure is quite involved, a naive grasp of the underlying
schema can be easily obtained as follows. The key point is the expansion of the 1/r
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functions

1

r(xy)
=

∞∑
n=0

n∑
m=−n

Rn,m(Ox)Sn,m(Oy)

Rn,m(Ox) =
1

(n + m)!
Pm

n (cos θ)eimφ‖Ox‖n, Sn,m(Oy) = (n−m)!Pm
n (cos θ)eimφ 1

‖Oy‖n+1

where O is a properly chosen pole, the Pm
n are Legendre functions, (r, θ, φ) polar coor-

dinates and Sn,m denotes complex conjugate An error estimate is available. If ‖Oy‖ >
2‖Ox‖: ∣∣∣∣∣1r −

p∑
n=0

n∑
m=−n

Rn,m(Ox)Sn,m(Oy)

∣∣∣∣∣ <
1

‖Ox‖

(
1

2

)p+1

(17)

Therefore, on a portion Γ2 of Γ distant from y:∫
Γ

[G(y,x)gradφ(x) · n(x)− φ(x)gradG(y,x) · n(x)] dΓ =

p∑
n=0

n∑
m=−n

Mn,m(O)Sn,m(Oy)

with:

Mn,m(O) =

∫
Γ

[Rn,m(Ox)gradφ(x) · n(x)− φ(x)gradRn,m(Ox) · n(x)] dΓ

Clearly, these formulae could be utilized, at low cost, for several distant points y. In order
to exploit this possibility at best, clusters of elements are constructed; their dimensions
are optimized by an ingenuous procedure devised in [5] which is crucial for the overall
performance. In the present development p = 10, with a maximum number of elements
per cluster maxel = 50.

4 Numerical results

Two examples are developed, based on a Fortran95 code implementing the formulation
in Section 2.1.1, with the purpose of testing numerical performance for growing problem
dimensions. For the sake of clarity also Ω2 is considered as homogeneous, with µr = 500.
The FEM block of equations is never stored and is re-computed at each iteration. All
analyses have been run on a Dell PWS650 with processor Intel Xeon 2.8GHz (Windows
XP).

4.1 Cube in a uniform Ha field

Let us suppose that J2 is such as to generate Ha = e3, where e3 is one unit vector of the
basis e1, e2, e3. The initial mesh M1 of the unit side cube contains 55 tetrahedron. The
largest problem considered (P7) is defined on 7 different multigrid levels; we also analyze
P5 and P6 defined only on the first 5 and 6 levels of P7. Details concerning different levels
are collected in Table 1: number of FEM unknowns, BEM unknowns and global number
of unknowns; cost (in terms of CPU time) for a single matrix-vector product for the FEM
and BEM blocks of equations respectively (only at levels where multipole is employed).
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Level FEM var. BEM var. glob var. FEM prod. BEM prod.
1 37 70 107 - -
2 163 280 443 - -
3 905 1120 2025 - -
4 5889 4480 10369 - -
5 42177 17920 60097 0.125s 3.687s
6 318593 71680 390273 0.984s 14.515s
7 2475265 286720 2761985 7.421s 55.625s

Table 1: Cube with 7 level multigrid: number of FEM and BEM unknowns at each level
and cost of each matrix-vector product for the FEM and BEM blocks, respectively

Iter. P5: err BEM pds. P6: err. BEM pds P7: err BEM prods
1 0.46D-03 10 0.20D-03 13 0.89D-04 18
2 0.40D-04 9 0.19D-04 11 0.81D-05 15
3 0.43D-05 10 0.21D-05 13 0.85D-06 17
4 0.83D-06 9 0.33D-06 13 - -
CPU time 266s 1333s 5771s
BEM pds. 38 50 50

Table 2: Cube: comparison between problems P5, P6, P7. Relative error and number of
BEM products number for each macro iteration

For each macro iteration (a global call of Function Vcycle), in Table 2 are collected
(problems P5,P6,P7): the relative error at the end of the iteration, and the number of
BEM products are provided. Also the global CPU time and global number of BEM
products is presented.

4.2 Industrial relay

In this Section we present some analyses conducted on the relay of Figure 1. Results
presented herein concern the same (fictitious) Ha as in the previous example. This prob-
lem features a doubly connect ferromagnetic domain, with a thin air gap between the
two laminae and generally represents a tough benchmark for numerical procedures which
often fail. The convergence speed decreases w.r.t the previous example, but is still quite
satisfactory.

Level FEM var. BEM var. glob var. FEM prod. BEM prod.
1 676 1292 1968 - -
2 3630 5168 8798 - -
3 22907 20672 43579 6.2E-02s 6.70s
4 160661 82688 243349 0.34s 23.67s
5 1198761 330752 1529513 3.45s 81.79s

Table 3: Relay with 5 level multigrid: number of FEM and BEM unknowns at each level
and cost of each matrix-vector product for the FEM and BEM blocks, respectively
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Iter. P3: err BEM pds. P4: err. BEM pds P5: err BEM prods
1 0.97D-03 14 0.46D-03 18 0.19D-03 26
2 0.26D-03 12 0.17D-03 15 0.99D-04 23
3 0.48D-04 14 0.31D-04 18 0.24D-04 22
4 0.10D-04 15 0.77D-05 20 0.62D-05 25
5 0.20D-05 17 0.24D-05 27 0.15D-05 36
4 0.95D-06 16 0.103D-05 27 0.80D-06 34
4 - - 0.64D-06 28 - -
CPU time 266s 5706s 25037s
BEM pds. 88 153 166

Table 4: Relay: comparison between problems P3, P4, P5. Relative error and number of
BEM products number for each macro iteration

The largest problem (P5) includes 5 levels. Also P4 and P3 have been solved for
comparison. Tables 3-4 collect the same information as in the previous example. A good
stability w.r.t. the number of BEM products is observed.
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